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 Key takeaways:  

•The scattering length between 
magnons is tunable by a uniform 
magnetic field. (Counterpart of 
Feshbach resonance in ultracold 
atomic gases) 

•Efimov bound states are expected in 
the vicinity of the unitarity limit. 
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Feshbach resonance in ultracold atomic gases

2

 C. J. Pethick & H. Smith, ”Bose-Einstein Condensation 
in Dilute Gases (2nd Ed)”, Cambridge Univ. Press (2008). 

Review article: C. Chin et al., RMP 2010.

S. Inouye et al., PRL (2004)

Na atoms

The s-wave scattering length  can be varied by applying a uniform magnetic field. 
→ Efimov bound states are found in ultracold atomic gases [T. Kraemer et al., Nature (2006)].

a

Bound ↔ Unbound
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Efimov effect

When two bosons interact with , three bosons 
form an infinite tower of three-body bound states in 3D. 

a = ± ∞

Discrete scale invariance

… …
n − 1 n

n + 1

R
En

En+1
= λ2 .

λR
λ2RThe universal ratio: λ = 22.69...

The binding energy 
scales as
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Efimov states have been observed in very limited systems due to the requirement of 
proximity to a scattering resonance.  

Efimov effect in magnets were predicted but has not been observed yet.

P. Naidon & S. Endo, Rep. Prog. Phys. 80 056001 (2017)

Prediction for quantum magnets

Efimov effect
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Efimov effect in quantum magnets
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　Two lowest binding energies of three magnons 
for  near the two-magnon resonance. S = 1/2

Y. Nishida, Y.K. & C.D. Batista, Nat. Phys. 9, 93 (2013).

 and  XXZ model and  Heisenberg model with uniaxial anisotropy 
on a simple cubic lattice

S = 1/2 S = 1 S = 1

Universal ratio  is confirmed. 
Efimov effect in quantum magnets is predicted.

λ ∼ 22.7

The smallest 
Efimov bound state

The second smallest 
Efimov bound state
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Yb3+ ions form a pyrochlore lattice.

H. Blöte et al., Physica 43, 549 (1969)

A.V. Shlyakhtina et al., Solid State Ionics 179, 1004 (2008)

Focused material Yb2Ti2O7 
• ferromagnetically ordered at 270 mK  
• competition between ferromagnetism and antiferromagnetism 
• magnetic ground state remains a matter of debate at zero field

Candidate material: Yb2Ti2O7

Yb3+: 4f13 (J = 7/2)

Spin orbit coupling & crystalline electric field

→ GS Kramers doublet:= spin-1/2

Detailed analysis: J. Gaudet et al., PRB 92, 134420 (2015)
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spin-1/2 degree of freedom on Yb3+

Model 


๏Spin Hamiltonian (four-sublattice)


↓  exact mapping


๏ Hard-core boson model


↓  perturbation theory


๏ Effective boson model (two-sublattice) 
(★ number conserved)


Methods 

๏ Exact diagonalization


๏ Lippmann-Schwinger equation 

Model and methods

7

Parameter sets determined by the inelastic neutron 
scattering experiment [e.g., J.D. Thompson et al., PRL 2017]. 

Jzz = 0.026(3) meV, J±± = 0.048(2) meV,
J± = 0.074(2) meV, Jz± = − 0.159(2) meV,
g∥ = 2.14(3), g⊥ = 4.17(2) .

H ∥ [110]



2021/03/25

Results

• Single-magnon spectrum


• Two-magnon resonance


• Three-magnon Efimov states

8
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Single-magnon spectrum
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: Normalized wave vector


 at 


(almost isotropic)

: mass for 

: mass for 

k

{m−1
z = 0.0399 meV

m−1
x = 0.0425 meV

μ0H = 12.91 T

mz k ∥ [110]
mx k ⊥ [110]

Lower branch of the dispersion: 

E−(k) ≃ ℰ0 + k2

2mz
( |k | ≪ 1)

The low-energy physics of Yb2Ti2O7 is described by bosons in continuous space 
with the anisotropic mass tensor. 

kz

ℰ0

E−(k)

0



2021/03/25

Two-magnon resonance
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a

µ0H (T)

The s-wave scattering length is expected to be diverge at  T.μ0Hc = 12.91

main result 
This is a counterpart of the Feshbach 

resonances in solid state physics. 

Unbound ↔ Bound
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Two-magnon resonance
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 As expected from the universality, the binding 
energy vanishes as  upon approaching .  1/(mza2) HcEn

er
gy

 le
ve

l -
 

 (m
eV

)
2E

−(
0)



2021/03/25

Mechanism (1/3)

12

Spin orientation in large  limitH ∥ [110]

Two different local environments: 
sublattice 1 and 4    
sublattice 2 and 3    

∈ *
∈ ℬ
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µ0H(T)

μ*
μℬ

unitcell of 
pyrochlore lattice 



2021/03/2513

Mechanism (2/3)

A part of kinetic energy is suppressed by an external magnetic field.
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<latexit sha1_base64="fIyfA6PyysSXbkMF73xVL8xd/hQ=">AAACL3icbZBNSgNBEIV7/DfxL7p0MxgEFyIzEtCl4MZlBKOBZBJqOpXY2N3TdNcIYcg93OoNPI24Ebfewk7MwhgLCj5eVfGolxopHEXRe7CwuLS8srq2XipvbG5t71R2b12WW44NnsnMNlNwKIXGBgmS2DQWQaUS79KHy/H87hGtE5m+oaHBRMFAi77gQF7qULdt0JpO21ihsLtTjU6iSYXzEE+hyqZV71aCcruX8VyhJi7BuVYcGUoKsCS4xFGpnTs0wB9ggC2oGfBmxxJ0z3GPSTHATCHZ4eyiRw0KXVJM/huFh17phf3M+tYUTtTfFwUo54Yq9ZsK6N79nY3F/2atnPrnSSG0yQk1/zHq5zKkLByHFfaERU5y6AG4Ff6pkN+DBU4+0hmXVI1KPr74b1jzcHt6Enu+rlUvTqdBrrF9dsCOWMzO2AW7YnXWYJxZ9sSe2UvwGrwFH8Hnz+pCML3ZYzMVfH0DqsWpdQ==</latexit><latexit sha1_base64="fIyfA6PyysSXbkMF73xVL8xd/hQ=">AAACL3icbZBNSgNBEIV7/DfxL7p0MxgEFyIzEtCl4MZlBKOBZBJqOpXY2N3TdNcIYcg93OoNPI24Ebfewk7MwhgLCj5eVfGolxopHEXRe7CwuLS8srq2XipvbG5t71R2b12WW44NnsnMNlNwKIXGBgmS2DQWQaUS79KHy/H87hGtE5m+oaHBRMFAi77gQF7qULdt0JpO21ihsLtTjU6iSYXzEE+hyqZV71aCcruX8VyhJi7BuVYcGUoKsCS4xFGpnTs0wB9ggC2oGfBmxxJ0z3GPSTHATCHZ4eyiRw0KXVJM/huFh17phf3M+tYUTtTfFwUo54Yq9ZsK6N79nY3F/2atnPrnSSG0yQk1/zHq5zKkLByHFfaERU5y6AG4Ff6pkN+DBU4+0hmXVI1KPr74b1jzcHt6Enu+rlUvTqdBrrF9dsCOWMzO2AW7YnXWYJxZ9sSe2UvwGrwFH8Hnz+pCML3ZYzMVfH0DqsWpdQ==</latexit><latexit sha1_base64="fIyfA6PyysSXbkMF73xVL8xd/hQ=">AAACL3icbZBNSgNBEIV7/DfxL7p0MxgEFyIzEtCl4MZlBKOBZBJqOpXY2N3TdNcIYcg93OoNPI24Ebfewk7MwhgLCj5eVfGolxopHEXRe7CwuLS8srq2XipvbG5t71R2b12WW44NnsnMNlNwKIXGBgmS2DQWQaUS79KHy/H87hGtE5m+oaHBRMFAi77gQF7qULdt0JpO21ihsLtTjU6iSYXzEE+hyqZV71aCcruX8VyhJi7BuVYcGUoKsCS4xFGpnTs0wB9ggC2oGfBmxxJ0z3GPSTHATCHZ4eyiRw0KXVJM/huFh17phf3M+tYUTtTfFwUo54Yq9ZsK6N79nY3F/2atnPrnSSG0yQk1/zHq5zKkLByHFfaERU5y6AG4Ff6pkN+DBU4+0hmXVI1KPr74b1jzcHt6Enu+rlUvTqdBrrF9dsCOWMzO2AW7YnXWYJxZ9sSe2UvwGrwFH8Hnz+pCML3ZYzMVfH0DqsWpdQ==</latexit><latexit sha1_base64="fIyfA6PyysSXbkMF73xVL8xd/hQ=">AAACL3icbZBNSgNBEIV7/DfxL7p0MxgEFyIzEtCl4MZlBKOBZBJqOpXY2N3TdNcIYcg93OoNPI24Ebfewk7MwhgLCj5eVfGolxopHEXRe7CwuLS8srq2XipvbG5t71R2b12WW44NnsnMNlNwKIXGBgmS2DQWQaUS79KHy/H87hGtE5m+oaHBRMFAi77gQF7qULdt0JpO21ihsLtTjU6iSYXzEE+hyqZV71aCcruX8VyhJi7BuVYcGUoKsCS4xFGpnTs0wB9ggC2oGfBmxxJ0z3GPSTHATCHZ4eyiRw0KXVJM/huFh17phf3M+tYUTtTfFwUo54Yq9ZsK6N79nY3F/2atnPrnSSG0yQk1/zHq5zKkLByHFfaERU5y6AG4Ff6pkN+DBU4+0hmXVI1KPr74b1jzcHt6Enu+rlUvTqdBrrF9dsCOWMzO2AW7YnXWYJxZ9sSe2UvwGrwFH8Hnz+pCML3ZYzMVfH0DqsWpdQ==</latexit>

t0k
<latexit sha1_base64="L+9JW+iU86+wpq3f/PeqpSq+Qm4=">AAACNXicbZDLSgNBEEV7fJv4iLp0MxgEFyIzEtCl4MalgjFCMoaaTiU2dvc03TViGPIrbvUP/BYX7sStv2DnsTDGCwWHW1UUdVMjhaMoeg/m5hcWl5ZXVkvltfWNzcrW9o3LcsuxzjOZ2dsUHEqhsU6CJN4ai6BSiY304XzYbzyidSLT19Q3mCjoadEVHMhb7co2tVsGLEiJ8q5lrFDYrlSjo2ikcBbiCVTZRJftraDc6mQ8V6iJS3CuGUeGkgIsCS5xUGrlDg3wB+hhE2oGDNpDCbrjuMek6GGmkGx/etCjBoUuKUZfDsJ973TCbmZ9aQpH7u+NApRzfZX6SQV07/72huZ/vWZO3dOkENrkhJqPD3VzGVIWDiMLO8IiJ9n3ANwK/1TI731mnHywU1dSNSj5+OK/Yc3CzfFR7PmqVj07ngS5wnbZHjtgMTthZ+yCXbI64+yJPbMX9hq8BR/BZ/A1Hp0LJjs7bErB9w+bOKtk</latexit><latexit sha1_base64="L+9JW+iU86+wpq3f/PeqpSq+Qm4=">AAACNXicbZDLSgNBEEV7fJv4iLp0MxgEFyIzEtCl4MalgjFCMoaaTiU2dvc03TViGPIrbvUP/BYX7sStv2DnsTDGCwWHW1UUdVMjhaMoeg/m5hcWl5ZXVkvltfWNzcrW9o3LcsuxzjOZ2dsUHEqhsU6CJN4ai6BSiY304XzYbzyidSLT19Q3mCjoadEVHMhb7co2tVsGLEiJ8q5lrFDYrlSjo2ikcBbiCVTZRJftraDc6mQ8V6iJS3CuGUeGkgIsCS5xUGrlDg3wB+hhE2oGDNpDCbrjuMek6GGmkGx/etCjBoUuKUZfDsJ973TCbmZ9aQpH7u+NApRzfZX6SQV07/72huZ/vWZO3dOkENrkhJqPD3VzGVIWDiMLO8IiJ9n3ANwK/1TI731mnHywU1dSNSj5+OK/Yc3CzfFR7PmqVj07ngS5wnbZHjtgMTthZ+yCXbI64+yJPbMX9hq8BR/BZ/A1Hp0LJjs7bErB9w+bOKtk</latexit><latexit sha1_base64="L+9JW+iU86+wpq3f/PeqpSq+Qm4=">AAACNXicbZDLSgNBEEV7fJv4iLp0MxgEFyIzEtCl4MalgjFCMoaaTiU2dvc03TViGPIrbvUP/BYX7sStv2DnsTDGCwWHW1UUdVMjhaMoeg/m5hcWl5ZXVkvltfWNzcrW9o3LcsuxzjOZ2dsUHEqhsU6CJN4ai6BSiY304XzYbzyidSLT19Q3mCjoadEVHMhb7co2tVsGLEiJ8q5lrFDYrlSjo2ikcBbiCVTZRJftraDc6mQ8V6iJS3CuGUeGkgIsCS5xUGrlDg3wB+hhE2oGDNpDCbrjuMek6GGmkGx/etCjBoUuKUZfDsJ973TCbmZ9aQpH7u+NApRzfZX6SQV07/72huZ/vWZO3dOkENrkhJqPD3VzGVIWDiMLO8IiJ9n3ANwK/1TI731mnHywU1dSNSj5+OK/Yc3CzfFR7PmqVj07ngS5wnbZHjtgMTthZ+yCXbI64+yJPbMX9hq8BR/BZ/A1Hp0LJjs7bErB9w+bOKtk</latexit><latexit sha1_base64="L+9JW+iU86+wpq3f/PeqpSq+Qm4=">AAACNXicbZDLSgNBEEV7fJv4iLp0MxgEFyIzEtCl4MalgjFCMoaaTiU2dvc03TViGPIrbvUP/BYX7sStv2DnsTDGCwWHW1UUdVMjhaMoeg/m5hcWl5ZXVkvltfWNzcrW9o3LcsuxzjOZ2dsUHEqhsU6CJN4ai6BSiY304XzYbzyidSLT19Q3mCjoadEVHMhb7co2tVsGLEiJ8q5lrFDYrlSjo2ikcBbiCVTZRJftraDc6mQ8V6iJS3CuGUeGkgIsCS5xUGrlDg3wB+hhE2oGDNpDCbrjuMek6GGmkGx/etCjBoUuKUZfDsJ973TCbmZ9aQpH7u+NApRzfZX6SQV07/72huZ/vWZO3dOkENrkhJqPD3VzGVIWDiMLO8IiJ9n3ANwK/1TI731mnHywU1dSNSj5+OK/Yc3CzfFR7PmqVj07ngS5wnbZHjtgMTthZ+yCXbI64+yJPbMX9hq8BR/BZ/A1Hp0LJjs7bErB9w+bOKtk</latexit>

tk
<latexit sha1_base64="XZfh9sCO4LT6zD8lUNMIjiNcQ8M=">AAACLHicbZDLSgNBEEV7fJv4dulmMAguRGZE0KXgxqWCiUIyhJpOJTb2i+4aIQz5DLf6B36NGxG3foedx8IYLxQcblVR1M2tFJ6S5COam19YXFpeWa1U19Y3Nre2dxreFI5jnRtp3H0OHqXQWCdBEu+tQ1C5xLv88XLYv3tC54XRt9S3mCnoadEVHChYTWq3LDiQEmV7q5YcJyPFs5BOoMYmum5vR9VWx/BCoSYuwftmmljKSnAkuMRBpVV4tMAfoYdNOLVg0R1J0B3PA2ZlD41Ccv3pwYAaFPqsHD03iA+C04m7xoXSFI/c3xslKO/7Kg+TCujB/+0Nzf96zYK651kptC0INR8f6hYyJhMPk4o7wiEn2Q8A3InwVMwfQlicQp5TV3I1qIT40r9hzULj5DgNfHNauziZBLnC9tg+O2QpO2MX7IpdszrjzLBn9sJeo7foPfqMvsajc9FkZ5dNKfr+AfzkqBY=</latexit><latexit sha1_base64="XZfh9sCO4LT6zD8lUNMIjiNcQ8M=">AAACLHicbZDLSgNBEEV7fJv4dulmMAguRGZE0KXgxqWCiUIyhJpOJTb2i+4aIQz5DLf6B36NGxG3foedx8IYLxQcblVR1M2tFJ6S5COam19YXFpeWa1U19Y3Nre2dxreFI5jnRtp3H0OHqXQWCdBEu+tQ1C5xLv88XLYv3tC54XRt9S3mCnoadEVHChYTWq3LDiQEmV7q5YcJyPFs5BOoMYmum5vR9VWx/BCoSYuwftmmljKSnAkuMRBpVV4tMAfoYdNOLVg0R1J0B3PA2ZlD41Ccv3pwYAaFPqsHD03iA+C04m7xoXSFI/c3xslKO/7Kg+TCujB/+0Nzf96zYK651kptC0INR8f6hYyJhMPk4o7wiEn2Q8A3InwVMwfQlicQp5TV3I1qIT40r9hzULj5DgNfHNauziZBLnC9tg+O2QpO2MX7IpdszrjzLBn9sJeo7foPfqMvsajc9FkZ5dNKfr+AfzkqBY=</latexit><latexit sha1_base64="XZfh9sCO4LT6zD8lUNMIjiNcQ8M=">AAACLHicbZDLSgNBEEV7fJv4dulmMAguRGZE0KXgxqWCiUIyhJpOJTb2i+4aIQz5DLf6B36NGxG3foedx8IYLxQcblVR1M2tFJ6S5COam19YXFpeWa1U19Y3Nre2dxreFI5jnRtp3H0OHqXQWCdBEu+tQ1C5xLv88XLYv3tC54XRt9S3mCnoadEVHChYTWq3LDiQEmV7q5YcJyPFs5BOoMYmum5vR9VWx/BCoSYuwftmmljKSnAkuMRBpVV4tMAfoYdNOLVg0R1J0B3PA2ZlD41Ccv3pwYAaFPqsHD03iA+C04m7xoXSFI/c3xslKO/7Kg+TCujB/+0Nzf96zYK651kptC0INR8f6hYyJhMPk4o7wiEn2Q8A3InwVMwfQlicQp5TV3I1qIT40r9hzULj5DgNfHNauziZBLnC9tg+O2QpO2MX7IpdszrjzLBn9sJeo7foPfqMvsajc9FkZ5dNKfr+AfzkqBY=</latexit><latexit sha1_base64="XZfh9sCO4LT6zD8lUNMIjiNcQ8M=">AAACLHicbZDLSgNBEEV7fJv4dulmMAguRGZE0KXgxqWCiUIyhJpOJTb2i+4aIQz5DLf6B36NGxG3foedx8IYLxQcblVR1M2tFJ6S5COam19YXFpeWa1U19Y3Nre2dxreFI5jnRtp3H0OHqXQWCdBEu+tQ1C5xLv88XLYv3tC54XRt9S3mCnoadEVHChYTWq3LDiQEmV7q5YcJyPFs5BOoMYmum5vR9VWx/BCoSYuwftmmljKSnAkuMRBpVV4tMAfoYdNOLVg0R1J0B3PA2ZlD41Ccv3pwYAaFPqsHD03iA+C04m7xoXSFI/c3xslKO/7Kg+TCujB/+0Nzf96zYK651kptC0INR8f6hYyJhMPk4o7wiEn2Q8A3InwVMwfQlicQp5TV3I1qIT40r9hzULj5DgNfHNauziZBLnC9tg+O2QpO2MX7IpdszrjzLBn9sJeo7foPfqMvsajc9FkZ5dNKfr+AfzkqBY=</latexit>

H k [110]
<latexit sha1_base64="Q49pOkCOe6YxjHpArw61nqtp3H4="></latexit><latexit sha1_base64="Q49pOkCOe6YxjHpArw61nqtp3H4="></latexit><latexit sha1_base64="Q49pOkCOe6YxjHpArw61nqtp3H4="></latexit><latexit sha1_base64="Q49pOkCOe6YxjHpArw61nqtp3H4="></latexit>

A

<latexit sha1_base64="XnzrjlJKjEIisFpnZFR64306KRk=">AAACLHicbVBNSwJRFH1j39qH1rLNkAQtQmZEqHZGm5YFmYIOcud51YfvY3jvTSCDP6Nt/YN+TZuItv2OnuYitQMXDuecy+WeOOHM2CD48HJr6xubW9s7+cLu3v5BsXT4aFSqKTao4kq3YjDImcSGZZZjK9EIIubYjEc3U7/5hNowJR/sOMFIwECyPqNgndTuCLBDCjy7nnSL5aASzOCvknBOymSOu27JK3R6iqYCpaUcjGmHQWKjDLRllOMk30kNJkBHMMA21BJIUJ9zkD1DHY2yASqBVo8Xg45KEGiibPbcxD91Ss/vK+1GWn+m/t3IQBgzFrFLTp8xy95U/M9rp7Z/GWVMJqlFSX8P9VPuW+VPm/J7TCO1fOwIUM3cUz4dggZqXZ8LV2Ixybv6wuWyVsljtRLWKlf3tXK9Oi9ymxyTE3JGQnJB6uSW3JEGoUSRZ/JCXr0379379L5+ozlvvnNEFuB9/wDpx6gV</latexit>

B

<latexit sha1_base64="jBtFlcyliDMv7d51elyIXoO85M0=">AAACLHicbVBNSwJRFH1j39qH1rLNkAQtQmZEqHZSm5YFmYIOcud51YfvY3jvTSCDP6Nt/YN+TZuItv2OnuYitQMXDuecy+WeOOHM2CD48HJr6xubW9s7+cLu3v5BsXT4aFSqKTao4kq3YjDImcSGZZZjK9EIIubYjEc3U7/5hNowJR/sOMFIwECyPqNgndTuCLBDCjy7nnSL5aASzOCvknBOymSOu27JK3R6iqYCpaUcjGmHQWKjDLRllOMk30kNJkBHMMA21BJIUJ9zkD1DHY2yASqBVo8Xg45KEGiibPbcxD91Ss/vK+1GWn+m/t3IQBgzFrFLTp8xy95U/M9rp7Z/GWVMJqlFSX8P9VPuW+VPm/J7TCO1fOwIUM3cUz4dggZqXZ8LV2Ixybv6wuWyVsljtRLWKlf3tXK9Oi9ymxyTE3JGQnJB6uSW3JEGoUSRZ/JCXr0379379L5+ozlvvnNEFuB9/wDrhqgW</latexit>

Hopping between  chains*
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Mechanism (3/3)

Dominant attractive 
interactions

4 1

23

H k [110]
<latexit sha1_base64="Q49pOkCOe6YxjHpArw61nqtp3H4="></latexit><latexit sha1_base64="Q49pOkCOe6YxjHpArw61nqtp3H4="></latexit><latexit sha1_base64="Q49pOkCOe6YxjHpArw61nqtp3H4="></latexit><latexit sha1_base64="Q49pOkCOe6YxjHpArw61nqtp3H4="></latexit>

<latexit sha1_base64="jBDW3Gyd/GtKdyhCEEyFd4lobg4=">AAACAnicbVC7SgNBFL0bXzG+opY2g0GwCrsiamERsLGMYB6QLGF2MpsMmccyMyuEJZ2/YKu9ndj6I7Z+iZNkC5N44MLhnHu5954o4cxY3//2CmvrG5tbxe3Szu7e/kH58KhpVKoJbRDFlW5H2FDOJG1YZjltJ5piEXHaikZ3U7/1RLVhSj7acUJDgQeSxYxg66RO2usmWGPOKe+VK37VnwGtkiAnFchR75V/un1FUkGlJRwb0wn8xIYZ1pYRTielbmpogskID2jHUYkFNWE2O3mCzpzSR7HSrqRFM/XvRIaFMWMRuU6B7dAse1PxP6+T2vgmzJhMUkslmS+KU46sQtP/UZ9pSiwfO4KJZu5WRIYuAmJdSgtbIjEpuVCC5QhWSfOiGlxV/YfLSu02j6cIJ3AK5xDANdTgHurQAAIKXuAV3rxn79378D7nrQUvnzmGBXhfv/T5mAo=</latexit>uk

Dominant attractive interaction in large  limit: 

 

The main factor of the large  is due to the large .

H ∥ [110]
u∥ ≈ 2

2g2
∥ + g2⊥

[2 2g∥g⊥Jz±+g2
⊥(J± − J±±) − g2

∥Jzz]
u∥ −Jz±

Attractive interaction is insensitive to the external magnetic field.




J.D. Thompson et al., PRL 2017

Jzz = 0.026(3) meV, J±± = 0.048(2) meV,
J± = 0.074(2) meV, Jz± = − 0.159(2) meV,
g∥ = 2.14(3), g⊥ = 4.17(2) .
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Two-magnon resonance
• Other parameter sets for Yb2Ti2O7




                                                 　　　　　from A. Scheie et al., PNAS 117, 27245 (2020)


　　Ross et al.→　　　 　　　　　　　 

　　Joubert et al., & Bowman et al.→    

　　Thompson et al.→　                        

　　Robert et al.→　                               

　　Scheie et al.→　                               


• Yb2Ge2O7 [C.L. Sarkis et al., Phys. Rev. B 102, 134418 (2020)] →　

μ0Hc = 9.09 (T)
μ0Hc = 8.80 (T)
μ0Hc = 12.91 (T)
μ0Hc = 11.81 (T)
μ0Hc = 11.48 (T)

μ0Hc = 14.80 (T)

15

The two-magnon resonance is expected to be realized at 
experimentally reachable magnetic field.
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Three-magnon Efimov states

16
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Three-magnon continuum

Bimagnon-magnon
continuum

µ0Hc
<latexit sha1_base64="mQ0xT3MMLtXrto6OSV/d8DHbUkM=">AAACKnicbZDPSgMxEMaT+r/1v0cvwSJ4kLJbBD0KXjwqWFtpl2U2ndbQJLskWWFZ+hRe9Q18Gm/i1QcxrT1Y6wcDP76ZYZgvyaSwLgg+aGVpeWV1bX2jWtvc2t7Z3du/t2luOLZ4KlPTScCiFBpbTjiJncwgqERiOxldTfrtJzRWpPrOFRlGCoZaDAQH562HnsrjgF3HPN6tB41gKrYI4QzqZKabeI/Wev2U5wq14xKs7YZB5qISjBNc4rjayy1mwEcwxC6cZZChOZWg+5Z7jMohpgqdKeYHPWpQaKNy+tqYHXunzwap8aUdm7q/N0pQ1hYq8ZMK3KP925uY//W6uRtcRKXQWe5Q859Dg1wyl7JJTqwvDHInCw/AjfBPMf4IBrjzac5dSdS46uML/4a1CPfNRuj59qx+2ZwFuU4OyRE5ISE5J5fkmtyQFuFEkWfyQl7pG32nH/TzZ7RCZzsHZE706xsC4aZ9</latexit><latexit sha1_base64="mQ0xT3MMLtXrto6OSV/d8DHbUkM=">AAACKnicbZDPSgMxEMaT+r/1v0cvwSJ4kLJbBD0KXjwqWFtpl2U2ndbQJLskWWFZ+hRe9Q18Gm/i1QcxrT1Y6wcDP76ZYZgvyaSwLgg+aGVpeWV1bX2jWtvc2t7Z3du/t2luOLZ4KlPTScCiFBpbTjiJncwgqERiOxldTfrtJzRWpPrOFRlGCoZaDAQH562HnsrjgF3HPN6tB41gKrYI4QzqZKabeI/Wev2U5wq14xKs7YZB5qISjBNc4rjayy1mwEcwxC6cZZChOZWg+5Z7jMohpgqdKeYHPWpQaKNy+tqYHXunzwap8aUdm7q/N0pQ1hYq8ZMK3KP925uY//W6uRtcRKXQWe5Q859Dg1wyl7JJTqwvDHInCw/AjfBPMf4IBrjzac5dSdS46uML/4a1CPfNRuj59qx+2ZwFuU4OyRE5ISE5J5fkmtyQFuFEkWfyQl7pG32nH/TzZ7RCZzsHZE706xsC4aZ9</latexit><latexit sha1_base64="mQ0xT3MMLtXrto6OSV/d8DHbUkM=">AAACKnicbZDPSgMxEMaT+r/1v0cvwSJ4kLJbBD0KXjwqWFtpl2U2ndbQJLskWWFZ+hRe9Q18Gm/i1QcxrT1Y6wcDP76ZYZgvyaSwLgg+aGVpeWV1bX2jWtvc2t7Z3du/t2luOLZ4KlPTScCiFBpbTjiJncwgqERiOxldTfrtJzRWpPrOFRlGCoZaDAQH562HnsrjgF3HPN6tB41gKrYI4QzqZKabeI/Wev2U5wq14xKs7YZB5qISjBNc4rjayy1mwEcwxC6cZZChOZWg+5Z7jMohpgqdKeYHPWpQaKNy+tqYHXunzwap8aUdm7q/N0pQ1hYq8ZMK3KP925uY//W6uRtcRKXQWe5Q859Dg1wyl7JJTqwvDHInCw/AjfBPMf4IBrjzac5dSdS46uML/4a1CPfNRuj59qx+2ZwFuU4OyRE5ISE5J5fkmtyQFuFEkWfyQl7pG32nH/TzZ7RCZzsHZE706xsC4aZ9</latexit><latexit sha1_base64="mQ0xT3MMLtXrto6OSV/d8DHbUkM=">AAACKnicbZDPSgMxEMaT+r/1v0cvwSJ4kLJbBD0KXjwqWFtpl2U2ndbQJLskWWFZ+hRe9Q18Gm/i1QcxrT1Y6wcDP76ZYZgvyaSwLgg+aGVpeWV1bX2jWtvc2t7Z3du/t2luOLZ4KlPTScCiFBpbTjiJncwgqERiOxldTfrtJzRWpPrOFRlGCoZaDAQH562HnsrjgF3HPN6tB41gKrYI4QzqZKabeI/Wev2U5wq14xKs7YZB5qISjBNc4rjayy1mwEcwxC6cZZChOZWg+5Z7jMohpgqdKeYHPWpQaKNy+tqYHXunzwap8aUdm7q/N0pQ1hYq8ZMK3KP925uY//W6uRtcRKXQWe5Q859Dg1wyl7JJTqwvDHInCw/AjfBPMf4IBrjzac5dSdS46uML/4a1CPfNRuj59qx+2ZwFuU4OyRE5ISE5J5fkmtyQFuFEkWfyQl7pG32nH/TzZ7RCZzsHZE706xsC4aZ9</latexit>
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The s-wave type bound states (  and ) are found near the resonance.n = 0 n = 1

s-wave type bound state

{E0 = 0.062 493 meV
E1 = 0.000 180 meV → E0
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Three-magnon Efimov states
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nonuniversal regime 
|k | > 1

Comparison with the universal function  at f(z) Hc

The excellent agreement in the long wavelength region ( ) 
 

Although the  state may not, the state is identified as the Efimov state.

|k | < 1

n = 0 n = 1

κn = mzEn
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Experimental realization
• Raman scattering is the ideal technique for observing two-magnon 

bound states [M.F. Thorpe, PRB(1971), B.S. Shastry & B.I. Shraiman, PRL(1990)].


→ The resonance condition can be identified. 


• The number non-conserved terms proportional to  exit in the 
hard core boson model before the approximation based on the 
perturbation theory.


→ Two-magnon states are mixed to the three-magnon bound states 
as an  perturbation.


→ Three-magnon bound states could be also observed via Raman 
spectroscopy.

na†

.(J/H)
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Summary
• The magnetic field acts as a knob to tune the s-wave scattering length 

of magnons in Yb2Ti2O7 (counterpart of Feshbach resonance). 


• A two-magnon resonance condition is achieved at an experimentally 
reachable magnetic field strength of  T along the [110] direction.


• In our calculations, a couple of three-magnon bound states with the s-
wave wave function were found just below the three-magnon continuum 
of the excitation spectrum near . 


• While the ground state ( ) exhibits some deviations from the 
universal character due to lattice effects, the first excited state ( ) is 
indeed an Efimov state.

Hc ∼ 13

Hc

n = 0
n = 1
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