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The Shastry-Sutherland model and SrCu2(BO3)2
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pressure

Drive system across the phase transitions!

equivalent plaquette patterns, PS order can appear at T > 0
already in an isolated layer.
Following indications from nuclear magnetic resonance

(NMR) of an intermediate phase with broken spatial
symmetry [22,23], inelastic neutron scattering revealed
an excitation attributed to a PS state [11]. The mode was
only detected at P ¼ 2.15 GPa, and recently an alternative
scenario with no PS phase was proposed [12]. Here we
argue that the PS phase exists adjacent to a previously not
observed AF phase below 4 K and P ¼ 3–4 GPa.
Experiments.—We have performed high-pressure heat

capacity (C) measurements on SrCu2ðBO3Þ2 single crys-
tals. With support of simulations of quantum spin models,
we have for the first time extracted a ðP; TÞ phase diagram,
Fig. 2(a), in the range of P and T where the SS model
should be relevant. Six different samples were studied, and
CðTÞ was measured from room temperature down to 1.5 or
0.4 K at several pressures (using two different types
of cryostats and pressure cells; see the Supplemental
Material [24]). Consistent results were obtained among
all these measurements. In Figs. 2(b)–2(e) we show typical
results for CðTÞ=T in the different pressure regions. In the
Supplemental Material [24] we discuss data for P > 4 GPa,
where the SS description is no longer valid.
We identify two main low-T features in CðTÞ=T: there is

always a broad maximum that we will refer to as the hump.
Starting at P ≈ 1.7 GPa, a smaller peak emerges at lower T
and prevails up to 2.4 GPa. We will argue that this peak
signals the PS transition. Upon further increasing P, the
small peak is no longer detected at temperatures accessible
in the experiments. A broader hump appears between 3 and
4 GPa, below which there is a peak at T ≈ 2–3.5 K that we
interpret as an AF transition. AF order was previously
detected only at P > 4 GPa up to T ≈ 120 K [11]. This
high-T phase is different from the new low-T AF phase—
see the Supplemental Material [24], where we also discuss
a new transition at T ≈ 8 K for P > 4 GPa.
The C=T hump is known from studies at ambient

pressure [37], where it arises from the correlations leading
to the dimer singlets as T → 0. As shown in Fig. 2(a),
the hump temperature ThðPÞ, including the minimum at
P ≈ 2.5 GPa, agrees remarkably well with exact diago-
nalization (ED) results for the SS Hamiltonian on a
20-site lattice (see the Supplemental Material [24]) with
P converted to α by linear forms JðPÞ, J0ðPÞ [11].
The hump width also agrees well with the SS model
[see Fig. S5].
In the 2D Heisenberg model the hump appears at T ≈

J=2 [38] where strong AF correlations build up. In general,
the hump indicates a temperature scale where correlations
set in that remove significant entropy from the system. The
ThðPÞ minimum can be regarded as the point of highest
frustration, with the energy scale being lowered due to
the two competing couplings (see also Refs. [39,40]).
The peak that we associate with PS ordering appears in

this pressure region, suggesting singlet formation driven
by strong frustration.
If the putative AF ordering below T ¼ 4 K for P ≈

3–4 GPa is the result of weak inter-layer couplings J⊥, the
observed hump-peak separation is expected, as the hump

FIG. 2. (a) Phase diagram of SrCu2ðBO3Þ2 (crystal structure in
the inset) from high pressure CðTÞ measurements. Examples of
CðTÞ=T curves are given in (b)–(e), where the orange arrows
indicate the hump locationTh. The green symbols in (a)markTh in
several samples and the purple curve shows results for the 20-spin
SS model with couplings close to those of Ref. [11]; J0ðPÞ¼
½75−8.3P=GPa%K and JðPÞ ¼ ½46.7 − 3.7 P=GPa%K. For P ≈
1.7–2.4 GPa a second peak at lower T, marked with a red arrow in
(c); it indicates the transition into the PS phase. Upon further
compression, the system first enters a regime where the experi-
ments cannot reach sufficiently low T to observe the second peak.
The peak is again detectable around 3 GPa and is marked with blue
arrows in (d),(e). It becomes more prominent with increasing P,
suggesting [38] AF order due to weak interlayer couplings. The
phase boundaries extracted from the second peak are indicated by
half-filled red squares and diamonds (PS phase) and blue filled
squares and half-filled circles (AF phase). The low-T data in (b),(c)
are fitted (black curves) tothe form C=T ¼ a0 þ a1T2 þ
ða2=T3Þe−Δ=T [37], giving gaps Δ shown in Fig. 3(a). In (d),(e)
fits are shown (red curves) without gap term; C=T ¼ a0 þ a1T2.
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Specific heat data (group of H. M. Rønnow)
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Inspiration: fully frustrated Heisenberg bilayer model
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26 coefficients
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Tensor/multidimensional array

Big tensor  i1i2i3i4i5i6
     bond 
dimensioni1 i2 i3 i4 i5 i6
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Tensor network: matrix product state (MPS)
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D

poly(   ,N) numbersexp(N) many numbers vs Efficient 
representation!D

Tensor network ansatz for a wave function
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MPS & PEPS

1 2 3 4 5 6 7 8

MPS
Matrix-product state 

1D

S. R. White, PRL 69, 2863 (1992)

Östlund, Rommer, PRL 75, 3537 (1995) 

Physical indices (lattices sites)

Fannes et al., CMP 144, 443 (1992)

Bond dimension D

2D

F. Verstraete, J. I. Cirac, cond-mat/0407066
Nishio, Maeshima, Gendiar, Nishino, cond-mat/0401115 

 

DBond dimension 

PEPS (TPS)
projected entangled-pair state

(tensor product state)
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iMPS
1D 2D

iPEPS
infinite projected entangled-pair state

Jordan, Orus, Vidal, Verstraete, Cirac, PRL (2008)

Infinite PEPS (iPEPS)

★ Work directly in the thermodynamic limit: 
No finite size and boundary effects!

infinite matrix-product state 
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iMPS
1D 2D

iPEPS
infinite projected entangled-pair state

Infinite PEPS (iPEPS)

★ Work directly in the thermodynamic limit: 
No finite size and boundary effects!

infinite matrix-product state 
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Jordan, Orus, Vidal, Verstraete, Cirac, PRL (2008)
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E

1D 2D
iPEPS

with arbitrary unit cell of tensors

Jordan, Orus, Vidal, Verstraete, Cirac, PRL (2008)
PC, White, Vidal, Troyer, PRB 84 (2011) 

here: 4x2 unit cell

infinite PEPS (iPEPS)

iMPS
infinite matrix-product state 
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2/15 plateau in the Shastry-Sutherland model

Unit cell with 30  
tensors (60 sites)

★Crystal of triplet 
bound states
PC, F. Mila, PRL 112 (2014)



Finite temperature simulations with iPEPS

B

BA

A

B

BA

A

| i ⇡
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‣ Wave-function:

‣ Density-operator: ⇢̂ = e��Ĥ ⇡
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‣ Methodological developments (2D):
Li et al. PRL 106 (2011); Czarnik et al. PRB 86 (2012); Czarnik & Dziarmaga PRB 90 (2014);  
Czarnik & Dziarmaga PRB 92 (2015); Czarnik et al. PRB 94 (2016); Dai et al PRB 95 (2017);  
Kshetrimayum, Rizzi, Eisert, Orus, PRL 122 (2019), P. Czarnik, J. Dziarmaga, PC, PRB 99 (2019), …

‣ Symmetric form: e��Ĥ/2 ⇡
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BA

A
⇢̂(�) ⇡
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⇢̂(�) = ⇢̂†(�)
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by construction



Imaginary time evolution
• Start at infinite temperature:  

exp(�⌧Ĥb)

...

...

⌧ = �/n

exp(��Ĥ) = exp(��

X

b

Ĥb) =

 
exp(�⌧

X

b

Ĥb)

!n

⇡
 
Y

b

exp(�⌧Ĥb)

!n

Trotter-Suzuki 
decomposition: 

• Initial state: exact!

⇢̂(� = 0) = I
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• Evolve in imaginary time: ⇢̂(�) = e��Ĥ/2⇢̂(0)e��Ĥ/2
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• Evolve up to target       �/2
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• Truncate after each step using e.g. simple / full update



Finite temperature simulations examples

‣ Benchmarks in the dimer phase of the Shastry-Sutherland model

‣ Comparison between ED, TPQ, QMC, iPEPS  
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Miyahara and Ueda, arxiv:cond-mat/0004260
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accurate!

J 0/J = 0.62
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J = 77K
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Specific heat: experiments vs iPEPS
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Larrea Jiménez et al., arxiv:2009:14492
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Tc = 3.0(6)K
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Correlation length

iPEPS, D=20

Diverging correlation length 
compatible with a critical point
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Jump in <S· S> on dimer
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Effect of a finite magnetic field
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phase diagram

iPEPS D=14



Open challenges

J
JD

too low T to obtain 
reliable data with 
iPEPS (currently)

full plaquette 
phase (FPP)

‣ Inelastic neutron scattering: 
full plaquette phase (FPP), not 
empty plaquette phase (EPP)
Zayed, et al., Nat. Phys. 13, 962 (2017)



SrCu2(BO3)2  under pressure 

‣ Distorted Shastry-Sutherland model: competition between EPP and FPP phase

Boos, Crone, Niesen, PC, Schmidt & Mila, PRB 100 (2019)~ex
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‣ Small deformation leads to FPP phase! But precise model still unclear…

vs FPP



Finite T study of the m=1/2 plateau in SrCu2(BO3)2
P. Czarnik, M. M. Rams, PC, and J. Dziarmaga, PRB 103, 075113 (2021)
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Tc = 0.043(2)J ⇡ 3.5(2)K

T=2.1K

Critical exponents compatible  
with 2D Ising universality class



Conclusion

✓ iPEPS has become a useful tool to study systems at finite T

✓ Confirmed the presence of a finite temperature Ising critical point in 

SrCu2(BO3)2, analogous to the critical point of water 

✓ Similar physics expected in related models / materials

Thank you for your attention!

• Open challenges:

‣ Improving finite-T iPEPS at low T to study transition into plaquette phase

‣ For a quantitative comparison with experiments at low T modified  

Shastry-Sutherland model may be required 


